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Abstract. The Hodge-de Rham Laplacean is an extension to forms of the wave 
equation. A frame is a quartuple of 1-forms. The Hodge-de Rham Laplacean is 
modified to model it on the frame itself (not on the standard frame dx). This modified 
Laplacean is invariant. The basic equation is: The modified Laplacean operating on 
^ . . the frame is equal to a source term times the frame. Kaniel and Itin (II Nuovo Cimento 

I I vol 113B,N3,1998 ) analyzed the equation for steady state and spherically symmetric 

^jj^' frame (General Relativity). They computed a closed solution for which the derived 

metric is Rosen's. This closed solution is intrinsically different than Schwarzschild 
solution. Yet it passes the three classical experimental tests to the same accuracy. 
^ ■ The same basic equation is, also, the alternative to Schroedinger equation, where the 

0^ , source term is the electromagnetic potential. The same quantization as in Schroedinger 

equation is attained. The suggested system is hyperbolic, in contrast to the time 
dependent Schroedinger equation which is parabolic. For time dependent frames 
1^ ^ the equation is quite complicated. Thus, the linearized equation is explicitly solved 

• (Schroedinger equation is, already, linear). 

0^ ■ 
O 

> 

I 1. Einstein and Schroedinger equations. The Hodge-de Rham Laplacean 

A. Einstein |T] in the theory of general relativity postulated that the world is a four 
dimensional Riemannian manifold. Gravity is a field for which, in vacuum, the 
constitutive invariant equation is: 

R = 0, (1) 

where R is the Ricci tensor. Furthermore, he postulated that massive bodies (treated as 
particles) move on geodesies. The postulates above enabled him to verify experimentally 
his theory. Later he suggested, for not empty space, the field equation to be 

R-XI = T, (2) 

where T is the energy-momentum tensor. This equation was not as successful as the 
field equation in vacuum. 

On the other hand, the atomic structure is explained by Quantum theory. Its early 
construct is Schroedinger equation. The time dependent equation is [2] 
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where ip is the wave function, h is Planck constant, h = h/2TT, /i is the mass of electron, 
A = d'^/dx'^ + d'^/dy'^ + d'^/dz'^, Z is an integer and e is the charge of the electron. For 
the spherically symmetric case, the time independent equation is 

^^]L^(r^^] + + Eil; (4) 

2fir^dr \ dr J r 2/ir2 ' 



The solution of (jl]) is quantized 

2hn^ 



E-E.--'4^- (5) 



Eq. ([3]) is equivalent to 

^ f □(e-'^'^V) + + I)e-'^^V1 = ^e^-e-'^V , (6) 
//i \ r-^ J r 

where □ = — A is the wave operator, = —^E. 

The domain of Schroedinger equation is an abstarct Hilbert space. It is not 
invariant. In this article, it is suggested, to replace ([1]) and ([2]) of General Relativity 
and (j3]) of Quantum Mechanics by one invariant equation in a four dimensional space. 

The basic construct is the frame $, as introduced by Cartan [3j. A frame is a 
fourtuple of 1-forms $ = ($°, <l>\ 

$^ = $^rfx^ r,/3 = 0,l,2,3, (7) 

□ is the restriction to functions of Hodge-de Rham Laplacean on forms 

D = d*d* + *d*d, (8) 

where d and * are defined in the appendix. 
Denote 

= d*^ d *^ + *^ d*^ d , (9) 

is modelled on the frame $ as specified in the appendix (* is modelled on the 
Euclidean frame dx). Unlike □, □<!, is an invariant operator. 
The suggested equation is 

diag (D^^ - \{x)^) = , (10) 

The metric for General Relativity as well as the wave function are completely 
determined by ( fTOl) . For the time dependent equation, the off diagonal terms, to be 
specified in the sequel, are completely determined by the diagonal. They do appear in 
(□^«I>)°. 

For General Relativity $ is steady state and spherically sjTumetric. It satisfies 
$^ = 0, /i 7^ /5. Thus the diagonal in ffTOj) can be omitted. The equation will be 

- A(a;)<l> = 0, (11) 

For Schroedinger equation $° 7^ 0, j = 1,2,3 and $^ = 0, j = 1,2,3, /i = 0,1,2,3, 
j 7^ 
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fllOp is complemented to a full invariant equation by the addition of (D^^)^ for 
fi j3. These terms are defined by and Adding them does not supply new 
information. 

Eq. (fTT!) is dealt with by Kaniel and Itin in ^4|. There, a closed solution to (fTT!) is 
computed. The frame is 

$0 = e-'"/"da;° , = e^'^'^dx' . (12) 

This frame yields the Rosen metric [7] 

ds^ = e-^^'-'dt' + e^^'"- {dx' + dy"" + dz"") . (13) 

The solution (fT2l) is essentially different from the Schawarzschild solution. The curvature 
is 

The singularity is a point singularity unlike Schawarzschild radius. Neverless, black 
holes do exist. The two metrics are indistinguishable with respect to three classical 
experimental tests. 

□$$ is a very complicated object, cf [5J. Consequently, let us compute it's 
linearization Ln$$. It is invariant to the first order. Recall that A. Einstein had 
computed, first, the linearized equation p. 

For $, to be exhibited, it will be shown that, in the terrestial coordinate system, 

Ln$$ = n$. (14) 

Since 

{L*^)Ld{L*^)d = *d* d (15) 
it is enough to prove that, for this particular frame 

ci(L*$)Ld(L*$)$ = d* (i(L*$)$ = d* d* ^ , (16) 

or 

d(L*$)$ = d*$. (17) 
Then, when X{x) will be specified, the linearization of (ITOl) 

diag{LD^^ - \{x)^} = . (18) 
will satisfy Schroedinger equation, which is, already, linear. 

2. The Linearized Equation 

Consider a frame 

$^ = (/ + x)^ = 5| + ^" 
The is assumed to be small. The products of or their derivatives are neglected. 
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Let us compute, first, the linearization of equation (ITT]) . For General Relativity, 
\{x) = 0. The equation will be 

Ln$$ = 0. (19) 

Denote = ct 

$0 = [1 - /(r)]dx° , = [1 + g{r)]dx^ (20) 

To the first order, 

= $1 A $2 A $^ = (1 + 3g)dx^ A dx^ A dx^ 

*$o = (1 - f)dx^ A c/x^ A dx^ 
Lc/ $0 = * <l>° = 

Consequently, by fl20|) . 

Ln$$° = OT" = (21) 



Thus, 



Now 



$0 _ (1 _ !!^)^^o (22) 
r 



= <l>° A $2 A $3 = (1 + 2^ - /)dx° A dx^ A cia;^ 
= (1 + 5()(ix° A (ix^ A dx^ 
li g = f then = *$i and D^^^ = D^^ Thus 

777 

$J = (1 + -)dx^ (23) 



The line element will be 



rfs^ = (1 )(ix° + (IH )(ir^ 



The linearized Einstein element. 

The essential equation f = g results from the definition of □<!,$. □ by itself is not 
enough. 

Ansatz for the Schroedinger frame. Two versions exist, real and complex. The real 
one is 

$0 = - exp{-ax^)f{x)dx^ 

= exp(-ax°) ig{x)—dx^ + f{x)dxA (24) 



Let us compute Ln$$. For simplicity, omit the L. When ( 1241) is substituted into (iTOl) 
the common factor exp{—ax^) may be cancelled. The equation will be time independent. 

$0 = $1 A $^ A $3 = dx^ A dx"^ A dx^ + e-"^°{3/rfx^ A dx^ A + 
5(^[x^(ix° A dx'^ A (ix^ + x^(ix° A (ix^ A c/x^ + x^(ix° A dx^ A dx^]} (25) 
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and 

$1 = $0 A A $3 = e-°^°/t^a;° A dx'^ A dx^ = (26) 
(125]) and ^ yield 



d*s, ^ - d * ^ = e 







x^ 1 
4a/ - ( + 2^7- 



Consequently, if 



4a/ - ( + 



0. 



A (ix^ A dx'^ A (ia;^ . 

(27) 

(28) 



Then, by (l20]l2T]l26]l2711 and (EHD 

Ln$$ = n<i>. (29) 

( !28|) can be explicitly solved. The solution of Schroedinger equation and of (fTOj) are 

^ = / = F(r)F''™(^^,0), 

where y'-™ are the spherical harmonics, c.f. [2], [6]. Take, also, g = G(r)y''"^. Since, for 
any R{r) 

A (i?(r)r''™) = Ai?(r)r''™ + R{r)AY^''^ (30) 

it follows that 



R{r)jY^f'' = 



4aF- {Gr + 2G- 



G = Aar ^ / r^Fdr 



Thus 



and 



By, dMD, 

r r 

is easily computed. 

For the complex version, eq. (EI) is modified to be 



(31) 



(32) 



2^ 



(33) 



For that the factor i will stand in front of g and G. 
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Appendix A. 



A frame $ yields the metric g by 

where rjah = diag{—l, 1, 1, 1) the Lorentzian metric tensor. 
The operator d acts on exterior forms 

d {f{x)dx'^' A • • • A dx""") = f{x)^adx'^ A dx"^ A • • • A (A.l) 

* is the hyperbohc star. Denote dx^ — cdt. Consequently 

* A • • • A dx'"') = (-l)'dx^i A • • • A dx'^"-'' (A.2) 

where cti, • ■ ■ , ak, Pi, - ■ ■ , Pn-k is an even permutation of (0, 1, 2, 3). / = 1 if zero is one 
of the Pi, I — otherwise. 

The Hodge-de Rham Laplacian is defined by 

n = d*d* + *d*d (A. 3) 

On functions and 1-forms 

□/ - ^ - A/; □(/dx") = Dfdx'^ (A.4) 
= d *<s> d *<s, + *^ dd *<s, d (A. 5) 

where 

A • • • A = (-1)'$^! A • • • A (A.6) 
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